OKTABR
2026

ZAMONAVIYTA'LIMDA
ISLOHOTLAR VA TEXNIK

TAFAKKUR
IImiy jurnali

) 1-QISM, 2-SON
() e-ISSN:3162-1686

® +998 99-067—67-511"
O o ghéklstun &7 &
@ winvw. texmktufuldtuq c:cm'j,



f

e, ’
‘; o ,,_\;4 ZAMONAVIY TA'LIMDA ISLOHOTLAR 2026-yil, oktabr, Ne 2-son
& VA TEXNIK TAFAKKUR

(B

“ZAMONAVIY TA'LIMDA ISLOHOTLAR VA
TEXNIK TAFAKKUR”

ilmiy jurnali

Mazkur ilmiy to‘plamda “Zamonaviy ta’limda islohotlar va texnik tafakkur” ilmiy jurnaliga
taqgdim etilgan ilmiy maqolalar, tezislar hamda ilmiy-tadqiqot natijalari o‘rin olgan. Jurnal
zamonavily ta’lim tizimini rivojlantirish, ta’lim jarayoniga innovatsion pedagogik va axborot
texnologiyalarini joriy etish, ta’lim mazmuni va metodlarini takomillashtirish, shuningdek,
pedagogika, texnika va muhandislik yo‘nalishlarining o‘zaro integratsiyasini rivojlantirishga
qaratilgan ilmiy izlanishlarni yoritishga ixtisoslashgan.

Nashrda ta’lim va tarbiya jarayonining nazariy hamda amaliy masalalari, zamonaviy
pedagogik texnologiyalar, ragamli va innovatsion ta’lim, muhandislik va texnik ta’limni
rivojlantirish, fanlararo integratsiya, texnik tafakkurni shakllantirish, ta’lim jarayonini
loyihalashtirish va takomillashtirish, shuningdek, mazkur sohalardagi dolzarb ilmiy-metodik
muammolarning yechimlariga bag‘ishlangan tadqiqotlar o‘rin oladi.

MUALLIFLAR E’TIBORIGA:

To‘plamga kiritilgan ilmiy magqola va tezislarda keltirilgan statistik ma’lumotlar, ilmiy
faktlar, ragamli ko‘rsatkichlar, natijalar, iqtiboslar, bibliografik ma’lumotlar hamda boshqa
axborotlarning haqqoniyligi va ishonchliligi uchun mualliflar shaxsan mas’ul hisoblanadi.

Magolalarda foydalanilgan manbalarga havolalarning to‘g‘ri  rasmiylashtirilishi,
igtiboslarning mazmunan va bibliografik jihatdan aniqligi, shuningdek, mualliflik huquqi
talablariga rioya etilishi mualliflarning zimmasidadir.

Tahririyat tomonidan taqdim etilgan materiallarning ilmiy-uslubiy va texnik talablarga
muvofigligi ko‘rib chiqiladi. Biroq magqolalarda bayon etilgan ilmiy qarashlar, xulosalar va
tavsiyalar uchun mas’uliyat bevosita mualliflarga tegishlidir.

I-QISM, 2-SON

2026

e-ISSN: 3162-1686 @ www.texniktafakkur.com



E

== ZAMONAVIY TALIMDA ISLOHOTLAR
"\i*‘ VA TEXNIK TAFAKKUR

2026-vil, oktabr, Ne 2-son

O )

ZAMONAVIY TA’LIMDA ISLOHOTLAR
& TEXNIK TAFAKKUR

Bosh muharrir:
Z.Sh. To‘xtayeva

Bosh muharrir o‘rinbosari:
V.E. Ubaydova

Mas’ul kotib:

M.B. Obloqulova

Tahririyat hay’ati:

Q.T. Olimov, p.f.d., professor,
S.G¢. Siddiqova, PhD, professor,
U.A. O‘rinov, DSc, professor,
S.Dj. Muxamedjanova, DSc, professor,
F.R. Muradova, DSc, professor,
F.B. Ismoilov, PhD, dotsent,
Sh.H. Behbudov, DSc, dotsent,
G.I. Temirova, PhD, dotsent,
F.A. Qurbonov, t.t.n.n dotsent,
B.B. Toirov, t.f.n., dotsent,

D.D. Baratov, PhD, dotsent,

S.H. Fayziyev, t.f.f.d., dotsent,
N.S. Shodiyeyv, p.f.f.d., dotsent,
M.A. Aripjanova, p.f.f.d., dotsent

e-ISSN: 3162-1686

@ www.texniktafakkur.com



=%/ ZAMONAVIY TA'LIMDA ISLOHOTLAR 2026-vil. oktabr. Ne 2-son
"‘?\‘*" VA TEXNIK TAFAKKUR & "

ZAMONAVIY TA’LIMDA ISLOHOTLAR VA TEXNIK TAFAKKUR
ilmiy jurnali

Yugorida keltirilgan tahririyat jamoasi a’zolarning to‘liq ro‘yxati
https://texniktafakkur.com/ttp/en/editorial team manzilida keltirilgan.

Tahririyat jamoasi a’zolarining tarkibini o‘zgartirish hamda qo‘shimcha kiritish
yoki tahririyat a’zoligidan chiqarish muassis boshchiligida amalga oshiriladi.

© Materiallar ko‘chirib olingan yoki chop etilganda “Zamonaviy ta’limda
islohotlar va texnik tafakkur” jurnali manba sifatida ko‘rsatilishi shart. Jurnalda
chop etilgan va e’lon qilingan material va reklamalardagi dalillarning aniqligiga
mualliflarning o°zlari ma’sul hisoblanadi. Tahririyat fikri har doim ham mualliflar
fikriga mos kelamasligi mumkin.

Jurnal yilda 12 marotaba to‘plam sifatida chop etiladi. To‘plam mualliflarga
elektron shaklda tagdim etiladi.

“Zamonaviy ta’limda islohotlar va texnik tafakkur” ilmiy jurnali
15.09.2026-yildan boshlab O‘zbekiston Respublikasi Prezidenti Adminstratsiyasi
huzuridagi Axborot va ommaviy kommunikatsiyalar agentligi tomonidan
Ne C-5669338845379 reyestr ragami tartibi bilan ro‘yxatdan o‘tkazilgan.
Litsenziya raqami: Ne1852266.
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Xaydarova Ziyodaxon Azimjon qizi '
! Toshkent menejment va iqtisodiyot instituti Farg’ona filiali.

Annotatsiya: Ushbu maqgolada bir o’lchovli, o’zgaruvchan koeffitsientli, nol tartibli bog’lanish
hadiga ega hamda dissipativ chegaraviy shartlarga bo’ysunuvchi chiziqli giperbolik balans
gonunlari sistemasi o’rganiladi. Tadqiqotning maqgsadi — uzluksiz aralash masalaning
Lyapunov ma’nosidagi eksponensial turg’unligi uchun yetarli shartni aniqlash va shu shartga
mos keluvchi, sonli yechimni hisoblashda ham eksponensial turg’unlikni saglovchi ayirmali
sxema qurishdan iborat. Tadqiqot og’irlangan kvadratik Lyapunov funksiyasi usuliga
asoslanadi: xarakteristik tezliklarga bog’liq eksponensial og’irlik funksiyalari kiritiladi va
chegaraviy shartlarning dissipativligi |ARA™!| < 1 matritsaviy sharti orqali ifodalanadi.
Chegaraviy shartlarning dissipativligi va bog’lanish matritsasining nomanfiy aniqlanganligi
asosida uzluksiz masalaning L?-normada eksponensial turg’unligi to’liq isbotlanadi. Sonli
yechim uchun oqimga qarshi parchalanuvchi (fractional-step) oshkor ayirmali sxema qurilgan.
Diskret Lyapunov funksiyasi, bir qadamli kontraksiya bahosi va xarakteristik tezliklarning
Lipschitz uzluksizligiga asoslangan o’lchov (scaling) lemmasi yordamida, Kurant—Fridrixs—
Levi (KFL) sharti va aniq v-to’r sharti ostida sxemaning #?-normadagi eksponensial turg’unligi
isbotlangan. Diskret dissipativlik va bog’lanish hadining nomanfiyligi uzluksiz teoremaning
tabiiy diskret analoglari sifatida alohida shart tarzida qo’yilgan. Nazariy natijalar sonli tajribalar
bilan tasdiglangan: shartlar bajarilganda diskret Lyapunov funksiyasi monoton kamayadi,
shartlar buzilganda esa o’sish kuzatiladi. Olingan natijalar giperbolik tipdagi chegaraviy
masalalar uchun turg’un sonli sxemalarni qurishda, xususan gidravlika, gaz dinamikasi va
transport jarayonlari modellarida qo’llanilishi mumkin.

Kalit so‘zlar: giperbolik balans qonunlari; Lyapunov turg’unligi; eksponensial turg’unlik;
ogimga qarshi ayirmali sxema; diskret Lyapunov funksiyasi; KFL sharti; dissipativ chegaraviy
shartlar.

AnHoTanus. B 1aHHO# cTaThe UCCIIEAYETCSl OTHOMEPHAS TMHEHHAS THITEPOOIIYeCcKas CHCTeMa
3aKOHOB COXpaHEHHs (0aJaHCOBBIX 3aKOHOB) C MEPEMEHHBIMH KO(PPHUIIMEHTAMH, ClIaraéMbIM
HYJIEBOTO MOpsiAKa (WICHOM CBSI3M) M JWCCHUIIATUBHBIMU TPaHUYHBIMU YycioBusMu. llens
paboThl — yCTaHOBUTH JJOCTATOYHOE YCIOBHE SKCIIOHEHIIUAIBHOM yCTONUYUBOCTH 110 JISIMyHOBY
HETMPEPHIBHOW CMEIIAHHOM 3aJladydl M IOCTPOUTH COOTBETCTBYIOLIYIO PA3HOCTHYIO CXEMY,
COXPAHSAIOIIYIO SKCIIOHEHLIUATIbHYIO0 YCTOMYMBOCTh YUCICHHOTO PELIeHHs. AHAIN3 OCHOBAaH Ha
B3BEIICHHOM KBaJpaTUYHOM (QYyHKIMOHaNe JISmyHOBa C SKCIOHEHIMAIBLHBIMH BECaMH,
3aBUCSIIMMHU OT XapaKTEPUCTHUYECKUX CKOPOCTEHl, MpU 3TOM AUCCUMIATUBHOCTH TI'PAHHUYHBIX
YCIIOBHI BBIPaKaeTcsl MATPUUYHBIM ycioBreM |[ARA™Y| < 1. Ilpu BBINONHEHHH TOTO YCIOBHS
JIMCCUMIATUBHOCTH M HEOTPULIATEIILHON ONpPEAEeNEHHOCTH MAaTPUIbl CBA3M JOKa3aHa IOJHas
SKCIIOHEHIMAIbHAS YCTOMUMBOCTL HENMpEpLIBHOM 3agaun B HopMme L2. JIIs YMCIEHHOTO
peIlIeHus MOCTPOCHA sIBHAS POTUBOIMOTOKOBAs (upwind) pacieruistoniasicss pa3HOCTHAs CXeMa.
C noMomp TUCKPETHOTO QyHKIHOHANA JIsmyHOBa, OTHOIIATOBOM OIEHKU CHKATHS M JIEMMBbI
MacIITaOUpOBaHUs, OCHOBAHHON Ha JMIIIMIIEBOW HENPEPHIBHOCTH XapaKTEPUCTHUECKUX
CKOpOCTeH, 0Ka3aHa SKCIOHEHIMAIbHAS YCTOHUMBOCTL CXEMBI B HOpMe £2 HpU BBINONTHEHUH
ycnoBusi Kypanta—®punpuxca—Jlesu (CFL) u sBHOro ycnoBus Ha ceTky. JluckperHas
JUCCUMATUBHOCTh M HEOTPHULATEIBHOCTh JUCKPETHOIO YJieHa CBS3M BBEJEHBI Kak
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€CTECTBEHHbIC JIUCKPETHbIE AHAJIOTM  HEMPEPHIBHBIX  MPEANOJOXKEeHH. YucieHHble
AKCIIEPUMEHTHI MOJATBEPXKIAIOT TEOPETUUYECKYI0 CKOPOCTh yObIBaHUS W €€ HapylIeHHe Mpu
HecoOMoAeHnH THMOTe3. llomydeHHBIE pe3yabTaThl MOTYT OBITh HCIIONB30BaHBl TIPU
MOCTPOCHUN YCTOMYMBBIX YHCIEHHBIX CXEM Ul TUIEepOONMYecKUX KpaeBbIX 3ajad, B
YaCTHOCTH B THJPaBIMKE, Ta30BOM JUHAMUKE U MOJCIMPOBAHUN TPAHCIIOPTHBIX MPOIIECCOB.
KuaroueBble ciioBa: runepOoiIMuecKkue 3aKOHbI COXpaHEHHs; YCTOMYMBOCTH MO JISmyHOBY;
AKCIIOHEHIIMAJIbHASI yCTOWYMBOCTH;, MPOTHUBOIOTOKOBAs PA3HOCTHAs CXEMa; JAMCKpETHas
¢byukuus JIsmynosa; yeinosue CFL; nuccunatuBHbIe TPaHUYHBIE YCIIOBUS.

Abstract. This paper studies a one-dimensional linear hyperbolic system of balance laws with
variable coefficients, a zero-order coupling term, and dissipative boundary conditions. A
sufficient condition for L?-exponential stability of the continuous problem is proved in full. On
this basis, an upwind fractional-step (splitting) explicit difference scheme is constructed for the
numerical solution of the system. Exponential stability of the scheme’s numerical solution in
the £?-norm is proved under an explicit mesh condition arising from the Lipschitz continuity of
the characteristic speeds and under the Courant—Friedrichs—Lewy (CFL) condition. Numerical
experiments illustrate the theoretical decay rate and its loss when the hypotheses are violated.
Keywords: hyperbolic balance laws; Lyapunov stability; exponential stability; upwind
difference scheme; discrete Lyapunov function; CFL condition; dissipative boundary
conditions.

1 Introduction

Hyperbolic balance laws describe gas dynamics, open-channel flow, and transport processes. For

such systems, the stability of the steady state is a fundamental issue of both theoretical and

engineering interest [1]. The exponential stability of a linearized hyperbolic system is, in general,

not equivalent to the local exponential stability of the underlying nonlinear system: even for

smooth initial data close to a steady state, trajectories of nonlinear conservation laws may develop

shock-type discontinuities in finite time. For this reason, the stability of the linear system itself,

together with the stability of its numerical discretization, must be established directly, without

relying on indirect linearization arguments.

A natural and robust tool for such an analysis is the method of Lyapunov functions, adapted to the

hyperbolic setting through weighted L?-type functionals [1, 2]. The construction of a Lyapunov

function that simultaneously controls the continuous solution and admits a discrete analogue

compatible with a numerical scheme is the central technical task of this paper.

The contributions of this paper are threefold:

1. We prove a sufficient condition for exponential stability, in the sense of Lyapunov, of a linear

hyperbolic system of balance laws with variable coefficients and dissipative boundary
conditions (Theorem 11), with an explicit, fully derived proof.

2. We construct an upwind fractional-step explicit difference scheme for the numerical solution

of the system, satisfying the Courant—Friedrichs—Lewy (CFL) stability condition.
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We prove exponential stability of the discrete solution in the #2-norm (Theorem 24), via a
discrete Lyapunov function, a one-step contraction estimate for the upwind transport step,
and an explicit mesh condition derived from the Lipschitz continuity of the characteristic
speeds.
The remainder of the paper is organized as follows. Section 2 states the mixed initial-boundary
value problem. Section 3 proves the continuous exponential stability theorem. Section 4
introduces the difference scheme. Section 5 develops the discrete Lyapunov theory and proves the
discrete stability theorem. Section 6 reports numerical experiments. Section 7 concludes.
2 Statement of the Problem
2.1 Linearization
Consider a nonlinear system of conservation laws linearized about a steady state ¥*(x). Through
the Riemann coordinates v = Y(¥) — Y (Y™), the linearized system takes the form

v+ K(x)v, + M(x)v =0,
where K is the matrix of characteristic speeds and M is the linearized coupling matrix.

2.2 Canonical Form and the Mixed Problem
1
Write v = (:;”)a vl = (171, ey Um)Ta 17“ T (Um+1, ey Un)T, and

K*(x 0 : r .
K(x) = ( 0( ) —K‘(x))’K+ = diag(ay, ..., a,), K~ = diag(amq1, > an),

with a; € C1([0,L]), 0 < apin < a;(x) < apmax. The first m characteristic speeds are positive
(rightward), while the remaining n —m are negative (leftward). Let s € R™*®™) ¢

R™~"MXM be constant matrices, and let

k= o)

The system is equipped with the dissipative boundary conditions
v1(0,t) = sv'(0,0),v''(L,t) = rv!(L, 1),
and the initial condition
v(x,0) = @(x),x € [0,L].
Definition. [Exponential stability] Problem (1)—(6) is said to be exponentially stable in the L*-
norm if there exist v > 0 and ¢ > 0 such that, for every ¢ € L2((0,L); R™),
lv(t)|2 < ce V|2t = 0.
3 Exponential Stability of the Continuous Problem
3.1 Weight Matrices and the Lyapunov Function

Forv > 0and y; > 0, i = 1, ..., n, define the weight matrices

— fx_v do +fx_v do
pt(vx) = diag(uge %) qn, u (vx) = diag(uie 4O )i,
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u = diag(u*, u™), and the Lyapunov function
L
V() = f VT |K(x)| tu(vx)vdx, |K| = diag(Kt,K™).
0

X
Since apyiy < @; < Apay, We have 0 < ;e VE/min < petlo /% < . eVh/amin whence

ming; max;

i e—vL/amin' ¢, = eVL/amin

cllvlfz SV() < (:Zlvlfz,c1 = =
max min

3.2 Dissipativity Condition
Over the set of positive diagonal matrices D = diag(Dy, D;), D, € R™™ D, € R-m*x(n-m)
define
p2(R) = (1 + y)inflDRD™* |,y > 0.
In the theorem below the condition p,(R) < 1 is used in its sufficient form: there exists 4 =
diag(D,, D,) such that [ARA™!| < 1.
Theorem. [Continuous stability] Assume:
1. there exists a positive diagonal matrix 4 = diag(D,, D) such that §5:= 1 — [ARA™1|? > 0;
2. forallx € [0,L], H(x,v): = |K| *u(vx)M(x) + MT (x)|K| 1u(vx) = 0.
Then, for sufficiently small v > 0, problem (1)—(6) is exponentially stable in the L?-norm:
w(©)l2 < ez/cre™" 2@l 2, t 2 0.
Proof. Set y(vx):= |K| 'u(vx)K(x) = diag(u* (vx), —u~ (vx)). Taking the scalar product of
(1) with |K|~*pv, integrating over x € [0, L], and integrating by parts the transport term, using
0,1t (vx) = —v|K*| 1yt (vx) and 9, u~ (vx) = +v|K~| 1y~ (vx), yields

L L
V() = =W () — [(v, v)]3Zk — JO (Hv,v)dx = —vW(t) + W — JO (Hv,v)dx.

By Assumption 2, the last integral is nonnegative, hence — [ OL(H v,v)dx < 0.

Using the boundary conditions (4)—(5), the boundary term is
= (r"p (vL)r — p* (L))l v) + ((s"r*(0)s — p= (0)vy, vp).
Choosing u*(0) = D&, u~(0) = DZ, and setting x = Dyv!, y = D;vY, at v = 0 we obtain
— _((] — ~1\T -1y (%) (% _ 2 2
W(0) = =(U = WRA™TURA™) (), () < =8I + 1y12),
by Assumption 1. Since v » W (V) is continuous, there exists vy > 0 such that W(v) <
— 2 (jx|? + [y[?) < 0 forall 0 < v < v,

Consequently, V'(t) < —vV(t) for 0 < v < v, so that V() < e V'V (0). Combined with (10),
this yields (12).
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4 Upwind Fractional-Step Explicit Difference Scheme

4.1 The Scheme

Let At = T/K, Ax = L/], t* = k4t, x; = jAx, (v)} = vi(t",x;), and p;; = (a;);4t/Ax. The

scheme consists of an upwind transport step

)i = W)j — pijlW)j — Wil i<mj=1,..,],(w)j = @) + pi[(v)jr1 — W)
>m,j=0,..,]—1,

followed by an explicit coupling step

(w0 = () - AtZ(Mlp),(up),

p=
The discrete boundary conditions are
n m
@5 = ) sa@)SE < m), @)f = Y @5 >m).
l=m+1 =1

Remark. The discretization (16)—(17) respects the upwind principle with respect to the sign of
the characteristic speed in each block: block I (speed +a;) uses the left neighbor, block I (speed
—a;) uses the right neighbor. The sign in (17) was verified numerically (Section 6) to be essential
for stability.

.. o | Lo
[CFL condition] ppax: 1si2213§js]pl] <1

5 Discrete Stability

5.1 Discrete Lyapunov Function

Set effj: = exp(—Ax £ _, v/(a;)g) (i < m), ej:= exp(+Ax ¥ _ v/(a))q) (i >m), and
J-1

v; —sz( LUIRGD! V"—sz( oy el > m,

Ve =Y, V). The functional U* is defined analogously, with v* replaced by the intermediate
values u’.
Lemma. [One-step estimate] Under Hypothesis 19, for i < m,
uf —vf < pyy(vi, — v =1,...),

and symmetrically for i >m, u} — v} < p;;(vfy, — v}).
Proof. For i <m, (16) gives u; = (1 — p;;)v; + p;;vj_1, with p;; € [0,1] by Hypothesis 19. A
direct computation gives

uf — v} = —p;;(2 — pi))v} + 2pi;(1 — pivyvi_g + pfvicy
Using p;;(1 — p;j) = 0 and 2v;v;_4 < vj + vj_l

L — v < [—pi;(2 = pij) + pij (L= pi)1V] + [pi (1 = pij) + pii1vis = —pijv} + pijvi,
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The case i > m follows from (17) by the same computation.
Lemma. [Summation by parts] For i < m,
J J-1

2 2 2
Z U( 1T V) = ¢ v —efvf + Z(ei—!-k+1 — e )V,
k=1

j=1
and e; 1, — e/, < 0. The symmetric identity holds for i > m.

Proof. Follows from the Abel summation ¥ =16V ] 1= Z{c_:t ex+1VE; the sign of the increment

follows from ey, 1/ex = exp(—4xv/(a;)k+1) < 1.

Lemma. [Discrete scaling lemma] Let Lip: = max sup |a;’ (x)| < . Then
L x€[0,L]

a;); Lip - Ax
( l)]+1 < i = 1+ p
(ai)j Amin

forall i, j.

Proof. By the mean value theorem, [(a;);+1 — (@;);| < Lip - Ax, hence (a;)j4+1 < (a;);(1 +

Lipr/amin)a USing (ai)j = Amin-
Lemma. [Discrete v-decomposition] Let Hypothesis 19 hold and let Axv < ai,. Then
J

v
Z l]( =" W v2) < pie 11170 I'liei-i,-]v]2 - T(Vi’c 71 Ax.uieifjvjz/(ai)])r
a
j=1

for i < m, with the symmetric estimate for i > m.
Proof. Let y:= Axv/(a;)x+1 € [0,1]. The elementary inequality 1 —e™ >y/2, y € [0,1],
follows from the concavity of g(y) =1 —e ™ —y/2 together with g(0) =0 and g(1) =1 —
~1-1/2 > 0. Hence
Axv

ei-i,-k+1 — eiTk = _ei""k(]_ _ e—AxV/(ai)k+1) < _me;'k_
1 +
By Lemma 22, 1/(a;)k+1 = 1/(ca(ai)r), so

Axv Ui
+ +3.,2 et
Hi(e; e ) < : U
l( i,k+1 l,k) k an ( l)k lk k

Summing over k = 1, ...,/ — 1 and combining with Lemma 21 yields (24).

[Discrete dissipativity] There exist §; > 0 and Ax, > 0 such that for all Ax < Ax, and the
corresponding k, the discrete boundary quadratic form B* (arising from (19) in the telescoped
sums of Lemma 21) satisfies B* < =&, (|(v))|* + |(v')§|*) < 0.

[Nonnegativity of the coupling term] For all j, the matrices

M= (KT MY+ (ML )T (R ™ — A (MY )T (K™ e M,
= (K7) ™y MY, + (MY ()™ ey — Ae(ME)T (K7™ e MY,
~43 — Go=
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are nonnegative definite.
Remark. Hypotheses 24 and 24 are the discrete analogues of Assumptions 1 and 2 of
Theorem 11, respectively: both are structural conditions on the problem data (R, M), verified
independently, exactly as in the continuous theorem.
Lemma. Under Hypothesis 24, V¥*1 — ¥ <0 forallk =0, ..., K — 1.
Proof. Substituting (18) into V/*** and writing V/** — U as a quadratic form in u*, its matrix
coincides with ]\/[j+ (resp. M;") for the corresponding block; nonnegative definiteness of these
matrices yields the claim.
Theorem. [Discrete stability] Assume Hypothesis 19 (CFL), Axv < ap,i, (mesh condition),
Hypothesis 24, and Hypothesis 24. Then, with v': = v/(2c¢,), for sufficiently small v > 0 the
numerical solution satisfies

V< (1= VAV < eV, [v¥| 2 < ey /e e ™2 [v0) .
Proof. Combining Lemmas 20-23 with Hypothesis 24 gives (U* — V*)/At < —V'V*. Together
with Lemma 24,

VrHl — K = (V**H — UR) + (U* = V*) < —vV'AtVE,

s0 VX1 < (1 —v'At)V™. Tterating under V'At < 1 gives V* < (1 —v'At)*V° < e V't*V°, and
the discrete analogue of (10) yields (25).
6 Numerical Experiments
To illustrate the theoretical results, computations were carried out in Python forn =2, m =1,
a, = a, = 1, with mesh sizes ] = 50,100,200 and corresponding K chosen so that p;,,x = 0.5 <

1 (CFL satisfied). Table 1 summarizes the observed decay ratio maxV**1/V* for several coupling
K

matrices M and boundary parameters s, 7.
Table 1. Observed decay ratio of the discrete Lyapunov function for various parameters (/ = 100,

K =120, pyay = 0.5).

M (s, 1) Hyp. 24 satisfied m}?XVKH/ Ve
diag(0,0) (0.3,0.3) yes 0.981
(001 0(')2) (0.3,0.3) yes 0.985

(g'g :g'i) (0.9,0.5) yes 0.992

(_(2’ . 2(')0) (0.3,0.3) yes 0.9995

diag(3, —3) (0.3,03) no 1.048
42 — So=
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For all configurations satisfying Hypothesis 24, the discrete Lyapunov function VV* decreases

monotonically with maxV**1/V* < 1, consistent with Theorem 24. For M = diag(3, —3), which
K

violates Hypothesis 24, the decay ratio exceeds 1, confirming the necessity of this hypothesis.
These experiments should be understood as a numerical illustration, not as a substitute for the
analytic proof given in Section 5.
7 Conclusion
We proved exponential stability, in the sense of Lyapunov, of a one-dimensional linear hyperbolic
system of balance laws with dissipative boundary conditions (Theorem 11). We then constructed
an upwind fractional-step explicit difference scheme for the numerical solution of the system and
proved, via a discrete Lyapunov function, a one-step contraction estimate, and a scaling lemma
based on the Lipschitz continuity of the characteristic speeds, that the discrete solution is
exponentially stable in the £2-norm under the CFL condition and an explicit mesh condition
(Theorem 24). Numerical experiments confirmed the theoretical decay rate and its loss when the
structural hypotheses on the coupling matrix are violated. Future work will address the quantitative
determination of the discrete dissipativity constant §; in Hypothesis 24 and the extension of the
results to nonlinear hyperbolic systems.
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